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Abstract
Matrices with entries that are smooth functions of a variable λ ∈ L and non-negative when
λ ∈ L− ⊂ L are considered. Perron-Frobenius theory applies when the entries are non-negative.
Here, analogous results are shown to hold in neighbourhood of L− , with the various quantities varying
smoothly. The main examples are matrices with entries that are (i) Fourier-Stieltjes transforms of
finite measures and (ii) Laplace-Stieltjes transforms, which arise from Markov-additive processes.
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Introduction

Powers of matrices with entries that are Laplace-Stieltjes transforms occur in Applied Probability; see
for example [1], [4], [8], [9], [11], [13], [14] and [15]. Mainly, these matrices arise from Markov additive
processes, as defined in [14], for example. For real values of the argument these matrices have nonnegative entries to which standard Perron–Frobenius theory applies. Results about these matrices for
arguments that are complex, but sufficiently close to real, are needed to prove local limit theorems and
refined large deviation theorems for Markov additive processes. Furthermore, for those proofs, various
estimates need to be uniform in sufficiently small neighbourhoods. The same issue arises in giving a
multitype version of the arguments in [2], described in [3]. The aim of this note is to establish matrix
results of the appropriate kind.
It is natural to allow the Laplace-Stieltjes transforms to be multivariate, which means that their
argument is taken from Cd = C × . . . × C, where C are the complex numbers. The results will also cover
multivariate Fourier-Stieltjes transforms, where the argument is taken from Rd .
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Notation and main results

A matrix M = {mij }p×p , has nth power M n with entries denoted by mnij . The eigenvalues of M are
the zeros of the characteristic polynomial q(z) = det(zI − M ) which is of degree p. Denote
Qs the distinct
roots of q(z) by ρ1 , . . . , ρs , with multiplicities m1 , . . . , ms , respectively; then q(z) = i=1 (z − ρi )mi .
The roots are listed in order, |ρ1 | ≥ . . . ≥ |ρs |; furthermore, they are arranged with mi ≥ mi+1 when
|ρi | = |ρi+1 |. By analogy with the case when the entries are non-negative, the eigenvalue ρ1 of M is
called the maximum-modulus eigenvalue if it is a simple root of the characteristic polynomial, that is
if m1 = 1, and |ρ1 | > |ρ2 |. Note that when a maximum-modulus eigenvalue exists it is automatically
unique.
A non-negative square matrix A = {aij } is called positive regular if all its entries are finite and, for
some n and all i and j, anij > 0 (see [12] or [16]). The following version of Perron-Frobenius Theorem
which is paraphrased from [16] sets the scene for the results obtained here.
Perron-Frobenius Theorem Suppose A = {aij } is a p × p positive regular matrix. Then there
exists a maximum modulus eigenvalue ρ (= ρ1 ) which is positive. The associated left (row) and right
(column) eigenvectors u = (u1 , . . . , up ) and v = (v1 , . . . , vp ) have strictly positive components. When the
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Pp
uj = 1 and j=1 uj vj = 1,
³
´
An = ρn vu + O n(m2 −1) |ρ2 |n
(elementwise),

eigenvectors are normalized so that

Pp

j=1

as n → ∞.
Let the entries mij (λ) of the matrix M (λ) = {mij (λ)}p×p be functions of λ ∈ L. Clearly the
eigenvalues and their multiplicities all depend on λ. The essential characteristics we need from M (λ) are
summarised in the following condition. In it, and the associated results, the brackets give an alternative
version.
PF: For all i, j, mij (λ) are q (≥ 1) times continuously differentiable (analytic) functions in λ ∈ L,
where L is an open set in Rd (in Cd ), and for any θ ∈ L− ⊂ L, M (θ) is positive regular.
The first result, which is routine to establish, gives the existence of the maximum modulus eigenvalue
and properties of its eigenvectors, provided λ is near enough to L− .
Proposition 1 Let M (λ) satisfy the condition PF on the open set L. Then there is an open set Ω ⊂ L
containing L− such that for λ ∈ Ω the following hold.
(i) M (λ) has a unique maximum-modulus eigenvalue, ρ(λ) that is q-times continuously differentiable
(analytic) in λ.
Pp
(ii) The left andP
right eigenvectors associated with ρ(λ), u(λ) and v(λ), normalised so that i=1 ui (λ) =
p
1 and u(λ)v(λ) = i=1 ui (λ)vi (λ) = 1, are q-times continuously differentiable (analytic) in λ and, for
all i, ui (λ) 6= 0 and vi (λ) 6= 0.
The analyticity of ρ(θ) was established when the matrix entries are a function of a single variable, in [13].
For matrices of Laplace-Stieltjes transforms, nearly all the conclusions of this theorem are contained in
Theorem 4.1 of [14]; see also Theorem 11.5.1 of [12] and Proposition 4.8(iii) in [10].
The second result, which is the main one described here, gives an asymptotic estimate, equation (1),
of M n (λ), as n → ∞. The key point, for the applications, is that (1) is a uniform bound on the rate of
coinvergence in a suitable neighbourhood of any point in L− . This uniformity has no direct parallel in
the Perron-Frobenius Theorem given above. Although it is ‘obvious’ uniformity should hold it proved
quite tricky to establish, which may explain why refined large deviations for Markov additive processes
governed by a finite Markov chain have not yet been given, though extensions in other directions of large
deviation results for these processes have been very successful — [8], [15].
Theorem 2 Let the matrix M (λ) satisfy the condition PF on the open set L, let Ω ⊂ L be the set
(n)
introduced in Proposition 1 and let Ξ(n) (λ) = {ξij (λ)}p×p be defined by
M (λ)n = v(λ)u(λ)ρ(λ)n + Ξ(n) (λ).
(Note that Ξ(n) is not the nth power of Ξ(1) .) For any ϑ ∈ L− , there is a neighbourhood of ϑ, say B,
with B ⊂ Ω and a constant γ ∈ (0, 1) such that
¯
¯
¯ (n)
¯
γ −n max sup ¯ξij (λ)ρ(λ)−n ¯ → 0, as n → ∞.
(1)
i,j λ∈B

Suppose M is a matrix of Laplace-Stieltjes transforms of measures so that
Z
mij (λ) = eλx dFij (x); λ ∈ Cd ,
which is analytic on the interior of the set where it is finite. Then we can use
\
L=
int{λ = θ + iη ∈ Cd : mij (θ) < ∞}
i,j

and
L− = {λ ∈ L : λ = θ + iη with η = 0}.
Instead, suppose M is a matrix of Fourier-Stieltjes transforms of finite measures so that
Z
mij (λ) = eiλx dFij (x); λ ∈ Rd .
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Z
|x|q dFij (x) < ∞

then these are q-times continuously differentiable functions and we can use
L = Rd and L− = {0}.

3

Proofs

The first lemma deals with the existence of a continuously differentiable (or analytic) maximum-modulus
eigenvalue. For λ ∈ Rd (or Cd ), B(λ, ²) is the open ball of radius ² centred on λ.
Lemma 3 Let the matrix M (λ) satisfy the condition PF on the open set L and let θ ∈ L− . Then there
is a neighbourhood of θ, B = B(θ, δ) ⊂ L, such that for all λ ∈ B, M (λ) has a maximum-modulus
eigenvalue, ρ(λ), which is q-times continuously differentiable (analytic).
Proof. For θ ∈ L− , M (θ) is a non-negative matrix. Its Perron-Frobenius eigenvalue is ρ(θ) and the
other (distinct) eigenvalues are ρ2 (θ), . . . , ρs (θ). For λ ∈ L, the characteristic polynomial of M (λ), given
by f (z, λ) = det (zI − M (λ)) is q-times continuously differentiable. (In the analytic case, f (z, λ) =
det (zI − M (λ)) is analytic in each of the variables z, λ1 ,. . . λd when the others are fixed. Hence it is
analytic as a function of several complex variables — see [6, Theorem 2.2.8].) Since ρ(θ) is a simple root
(i.e. with multiplicity one) of the equation f (z, θ) = 0, f satisfies the conditions of the implicit function
theorem at (ρ(θ), θ); see [5, 10.2.2–10.2.4]. Thus there is a neighbourhood B = B(θ, δ) ⊂ L in which
there is a uniquely determined q-times continuously differentiable (analytic) function r(λ) taking the
value ρ(θ) at θ and satisfying f (r(λ), λ) = 0 for all λ ∈ B. Thus r(λ) is a eigenvalue of M (λ) for λ ∈ B.
It remains to show that for δ sufficiently small r(λ) is simple and largest in magnitude. Let 3² be
less than (ρ(θ) − |ρ2 (θ)|) and small enough that balls of radius 3² centred on the distinct eigenvalues of
M (θ) are disjoint. Then any point within ² of one of ρ2 (θ), . . . , ρs (θ) is smaller in magnitude than every
point in the ² ball centred on ρ(θ).
Let δ be small enough to ensure that |r(λ) − ρ(θ)| < ² for all λ ∈ B. The eigenvalues of M (λ) are
given by the p roots of the polynomial (in z) det (zI − M (λ)). This polynomial has coefficients that are
continuous in λ. By taking δ small enough the maximum distance between the roots at θ and those at
λ ∈ B(θ, δ), after a suitable pairing of the two sets of roots, is less than ² (see Appendix D of [7]). Then
there can only be one root within ² of ρ(θ), which therefore must be r(λ), and that root must be larger
in magnitude than all others, by the choice of ².
¤
Proof of Proposition 1. Let θ ∈ L− ; first we prove the theorem in a neighbourhood of θ. By Lemma
3, the maximum-modulus eigenvalue ρ(λ) exists for all λ ∈ B = B(θ, δ1 ) for a suitable δ1 . The related
left eigenvector u(λ) satisfies the system of p linear equations u(λ)(ρ(λ)I − M (λ)) = 0; the characteristic
polynomial of M (λ) is the determinant of this linear system. Since the maximum-modulus eigenvalue
is a simple root of the characteristic equation, the system has rank p − 1. Consequently, there is a
non-trivial solution with one free variable. The continuity of the entries of M (λ) as functions of λ means
that for some δ ≤ δ1 there is a submatrix, of order (p − 1) × (p − 1), with non-zero determinant in
B(θ, δ). Then, throughout this neighbourhood
the same free variable can be used. Adding an additional
Pp
equation to the system, namely
u
(λ)
=
1, produces a new system of p + 1 equations with a
k=1 k
unique solution, depending on λ, which is a left eigenvector with the prescribed normalisation. Having
chosen P
u(λ) the same argument is used for the right eigenvector, v(λ), but the additional equation
p
is now k=1 uk (λ)vk (λ) = 1. The coefficients in these systems of equations are q-times continuously
differentiable (or analytic) and so the eigenvectors are too. Using the continuity of u and v and the fact
that they are strictly
S positive at θ we can choose δ so that u(λ) 6= 0 and v(λ) 6= 0 for all λ ∈ B. Finally,
defining Ω to be θ∈L− B(θ, δ) completes the proof.
¤
Before starting the proof of Theorem 2, it will be convenient to change notation slightly. For the
matrix M (λ) satisfying the condition PF on the set L we denote the p eigenvalues of M (λ) on Ω ⊂ L by
|ρ1 | > |ρ2 | ≥ . . . ≥ |ρp |,

(2)
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(so now there is repetition according to multiplicity) with ρ = ρ1 . Note that the eigenvalues depend on
λ but this is left implicit in (2). At several points in the proof, where it makes the presentation clearer,
the arguments of functions will be suppressed in this way.
The resolvent of M (λ) is defined by
R(z) = {rij (z)}p×p = (I − zM (λ))−1 ,
P∞
which, for all i and j, has the expansion rij (z) = n=0 z n mnij (λ) (see Theorem 11.1.1 in [12]) when
z < ||M (λ)||−1 , where || · || is a matrix norm. In the next lemma, we draw on ideas in the proof of
Theorem 1.1, in [16] to obtain properties of rij (z). As will become clear, the work in this lemma is
identifying the numerator in the first term of (3).
Lemma 4 Let M (λ) satisfy the condition PF and let θ ∈ L− . Then there is a neighbourhood B =
B(θ, δ) ⊂ Ω and there are finite functions bk,ij (λ) defined on B such that, for all λ ∈ B and all i and j,
Pp−2
bk,ij z k
vi uj
Q
rij (z) =
+ p k=0
1 − zρ
k=2 (1 − zρk )

(3)

for all sufficiently small z, where on the right of (3) the functional dependence (of u, v, the ρs and the
bs) on λ has been supressed in the notation.
Proof. For fixed θ ∈ L− , let B = B(θ, δ) ⊂ Ω and M1 be such that for all λ ∈ B, ||M (λ)|| < M1 . We
take |z| < 1/M1 and λ ∈ B so that, using [12, Theorem 10.3.1], |ρ(λ)z| < 1 throughout B. Now, as in
(3), supress λ in the notation.
Qp
Let h(z) = det(I−zM ), then, using (2), h(z) = (1−zρ) k=2 (1−zρk ). Let adj(I−zM ) = {dij (z)}p×p ,
then each dij is a polynomial in z, with degree at most p − 1, and with coefficients that are continuously
differentiable in λ ∈ B. Inverting I − zM gives
Pp−1
c zk
dij (z)
k=0
Qp
Qp k,ij
rij (z) =
=
.
(4)
(1 − zρ) k=2 (1 − zρk )
(1 − zρ) k=2 (1 − zρk )
The right hand side can be rewritten, by partial fractions, to give
Pp−2
bk,ij z k
aij
rij (z) =
+ Qp k=0
1 − zρ
k=2 (1 − zρk )
where
aij =

−ρdij (1/ρ)
.
h0 (1/ρ)

(5)

To evaluate aij , note first that
h (z) I = (I − zM ) adj (I − zM ) = adj (I − zM ) (I − zM )

(6)

and h(1/ρ) = 0. Thus each row of adj(I − (1/ρ)M ) = {dij } is a left eigenvector of M (corresponding
to the eigenvalue ρ) and each of its columns is a right eigenvector. The simple maximum-modulus
eigenvalue ρ has non-zero left and right eigenvectors u and v; hence there is a c 6= 0 such that, for all
i and j, dij = cvi uj , that is, adj(I − (1/ρ)M ) = cvu. Now differentiating (6) with respect to z and
multiplying through by v gives
h0 (z) v =

d(adj (I − zM ))
(I − zM ) v − adj (I − zM ) M v;
dz

so, setting z = 1/ρ and using the normalisation uv = 1,
h0 (1/ρ) v = 0 − adj (I − (1/ρ)M ) (ρv) = −(cvu)(ρv) = −ρcv.
Hence h0 (1/ρ) = −ρc and substitution into (5) gives aij = vi uj .

¤

Proof of Theorem 2. For any θ ∈ L− , let B = B(θ, δ) ⊂ Ω be the neighbourhood and M1 the bound
on ||M (λ)|| introduced in Lemma 4. To translate (3) into an asymptotic estimate of M (λ)n , information
on the boundedness of bk,ij as λ varies is needed. This is considered first.
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The function h(z) is a polynomial in z with coefficients that are continuously differentiable in λ ∈ B,
and 1/ρ is a simple root of this polynomial. Hence h1 (z) = h(z)/(1 − ρz) is a polynomial in z of degree
p − 1 with coefficients that are continuously differentiable in λ ∈ B and, as noted earlier, the same is
true of dij (z). From (3) and (4)
vi uj h1 (z) +

p−2
X

bk,ij z k (1 − zρ) = dij (z).

k=0

Equating powers of
¯ z here shows¯ that the bk,ij are continuously differentiable functions of λ ∈ B. Hence
the supremum of ¯bk,ij (λ)/ρ(λ)k ¯ over i, j, k and λ in the closed ball of radius δ/2 centred at θ will be
finite; denote this finite supremum by K.
Let λ ∈ B(θ, δ) be fixed. Note that


∞
X
X
1

Qp
=
ρk22 . . . ρkpp  z n ,
k=2 (1 − zρk )
n=0
k2 +...+kp =n

where the inner sum is taken over all partitions of n into the sum of (p − 1) non-negative integers.
Applying this in (3) gives


p−2
∞
X
X
X
vi uj ρn +
rij (z) =
bh,ij
ρk22 . . . ρkpp  z n ;
n=0

but, as noted already, rij (z) =

h=0

P∞
n=0

k2 +...+kp =n−h
(n)

z n mnij (λ) and by definition ξij = mnij − vi uj ρn . Hence

(n)

ξij =

p−2
X
h=0

X

bh,ij

ρk22 . . . ρkpp .

k2 +...+kp =n−h

To complete the proof we use this expression to give an upper bound for the entries in Ξ(n) ρ−n that is
uniform in λ. Let ² > 0 be as defined in Lemma 3, with δ then chosen at least as small as there. Then,
for λ ∈ B(θ, δ), and j = 2, 3, . . . , p
¯
¯
¯ ρj (λ) ¯ |ρ2 (θ)| + ²
ρ(θ) − 2²
¯
¯
¯ ρ(λ) ¯ ≤ ρ(θ) − ² ≤ ρ(θ) − ² = α < 1.
Then for all k ≥ 2, and λ ∈ B(θ, δ/2),
p−2
¯
¯
X
¯ −n (n) ¯
αn−h
¯ρ ξij ¯ ≤ K
h=0

X

1.

k2 +...+kp =n−h

In the last sum, each kj , (2 ≤ j ≤ p), can take at most n − h + 1 values, and hence the sum has at most
(n)
(n − h + 1)p−1 ≤ (n + 1)p−1 terms. Hence, |ρ−n ξij | ≤ C[(n + 1)p−1 αn ], where C = K(p − 1)α−p is
independent of n and λ. The result claimed now follows directly for any γ ∈ (α, 1).
¤
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